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Abstract
We define a squashed four-sphere by a dimensional reduction of a twisted S4 × S1,
and construct explicitly a supersymmetric Yang-Mills action on it. The action includes
a non-trivial dilaton factor and a theta term with a non-constant theta. The partition
function of this theory is calculated using the localization technique. The resulting
partition function can be written in the form consistent with the AGT relation due
to the non-constant theta term. The parameter b which characterizes the partition
function in this form is not restricted to be real for the squashed four-sphere.
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1 Introduction and Summary
Supersymmetric gauge theories on curved compact manifolds are investigated inten-
sively after the theories on the round four-sphere was considered in [1]. One reason for
the interests is that one can calculate exactly some supersymmetric quantities, such as
the partition function and the expectation value of a Wilson loop, using the localization
technique. In particular, the theories on four dimensional manifolds will be important
for the understanding of the non-perturbative dynamics of the gauge theories related
to QCD and beyond the standard model. The 4d theories are also relevant to the check
of the relations between 4d gauge theories and 2d conformal field theories, which is
called the AGT relations [2].
Despite these obvious importance, such computations have been performed for the
4d supersymmetric gauge theories only on a 4d ellipsoid [3], which includes the round
four-sphere, and on S3×S1 which gives the index [4, 5].3 Therefore, it will be important
to find other manifolds on which we can define supersymmetric gauge theories and to
3 Though the exact calculation of the path integral was not performed, a kind of a continuous
deformation of the round four-sphere, neither included in the ellipsoids nor in the squashed four
sphere we define in this paper, was also considered in [6].
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compute exactly some quantities of them. There are many possibilities to find such
manifolds. However, one of the simplest constructions might be a “squashed four-
sphere”. In [7] it was shown that squashed (2n−1)-spheres, where n is a positive integer,
can be constructed by a dimensional reduction of S2n−1×S1, where the reduced circular
direction is a linear combination of the S1 direction and an isometry on the (2n− 1)-
sphere. This procedure will be called the twisted dimensional reduction. When the
same procedure is applied to S2n×S1, however, one might expect that some singularity
may appear since any isometry on the (2n)-sphere has fixed points, i.e. the north pole
and the south pole.
In this paper, we show explicitly that when we apply the above process to S4× S1,
we obtain a non-singular manifold which we will call a squashed four-sphere, which has
two deformation parameters ǫ1, ǫ2. It can be shown that the supersymmetries on it are
similar to those on untwisted S4 × S1 [8, 9]. However, some of the supersymmetries
are projected out for the compatibility with the twisting.
Since a supersymmetric Yang-Mills action on S4 × S1 may not be possible [9], we
need to study whether there exist any supersymmetric Yang-Mills action even if the
squashed four-sphere is well defined. Indeed, for ǫ1 = −ǫ2, we succeed to construct
explicitly a supersymmetric Yang-Mills action on the squashed four-sphere, which in-
cludes a theta term with a non-constant theta. Then, the instanton factor near the
north pole and the south pole of the squashed four-sphere becomes
τeff =
θ0
2π
+
4πi(1 + (ǫ1)
2l2)
gYM2
, (1.1)
due to the non-constant theta term. Then we calculate the partition function by the
localization technique. The result is written as Z(τeff, b, µ) where µ is an effective mass
parameter for the hypermultiplet and
b =
√
1− iℓǫ1
1− iℓǫ2 . (1.2)
We find that this Z(τ, b, µ) is the same function which appears in [3] for the partition
function of the theory on the ellipsoid and consistent with the AGT relation. Here it is
non-trivial that only the three parameters out of the various parameters of the theory
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appear in the partition function Z(τ, b, µ) due to, for example, the non-constant theta
term. It should be noted that in our case, because ǫ1 and ǫ2 can be taken to be arbitrary
real values, one can realize arbitrary value of b2 in C\R+.
For the 4d ellipsoid, the partition function obtained in [3] has a real parameter b,
which is the square root of the ratio between the length of the major semi-axis and
that of the minor semi-axis. In this case, however, one cannot make b complex because
the metric is complex for generic b or the manifold is non-compact for pure imaginary
b which implies that the path integral will be IR-divergent. Remarkably, in the case of
the squashed sphere, in contrast to the case of the ellipsoid, we can take both ǫ1 and
ǫ2 pure imaginary such that |ǫi| < 1ℓ . Including this region, the parameter b can take
any value in R+ also. The partition function with the complex b could be interesting
implication for the AGT relation because naive guess for the CFT counter part will
have complex central charge [10]. We will leave this problem in future investigations.
We note that there is an analogy with the theories on the deformed three dimen-
sional spheres for the dependence of the deformation parameters. Actually, the three
dimensional ellipsoid [11] and the squashed three-sphere [12] were considered and the
the partition functions are in the same form for the both cases with one parameter b.
However, while in the former case the parameter b is real, having similar geometrical
meaning as that in the 4d case, in the latter case it is a complex number. For the
three-dimensional cases, it were explained in [13, 14] why these two deformations with
the different geometrical origins give the partition functions in a same form. For our
four dimensional cases, we do no have a clear explanations why the partition functions
take in the same form4 although there are similar works [16, 17]. This is because we
consider a deformation of N = 2 supersymmetric gauge field theories and the theory
on the squashed four-sphere is coupled to the non-trivial “dilaton” as we will explain.
The investigations for these lines will be also interesting.
From our results, we expect that there are a few different supersymmetric partition
4 A partial explanation is that because the partition function can be computed at the localized
points where the Nekrasov’s omega deformations are expected to be the only possible relevant super-
symmetric deformations [15]. In our case, the weights in the classical action at north pole and the
south pole are modified, however, the partition function is in the same form. The AGT relation and
the M5-branes are expected to be a possible origin of this property.
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functions on compact four dimensional manifolds. It would be interesting to have
other four dimensional manifolds on which the supersymmetric partition function is
different from the one considered in the paper. One of the possible directions is study
of supersymmetric theories on a manifold with boundaries. Indeed, such examples have
been considered for two and three dimensional manifolds with boundaries in [18, 19, 20].
We hope to report some results in this direction in near future.
The rest of this paper is organized as follows. In Section 2 we define a squashed four-
sphere. To obtain the supersymmetry on it, in Section 3 we review the supersymmetry
on S4 × S1. In section 4 we confirm that there are supersymmetries on S4 × S1 which
are compatible with the twist of the periodicity. After the dimensional reduction, they
turn to the supersymmetry on the squashed four-sphere. A supersymmetric Yang-
Mills action on the squashed four-sphere is also constructed in section 5. In section 6
we calculate the partition function of the theory defined in the previous sections.
2 Squashed four-spheres by the twisted dimensional
reduction
In this section, we will define squashed four-spheres. In [7] the squashed (2n−1)-spheres
were constructed by a dimensional reduction of S2n−1×S1, where the reduced circular
direction is a linear combination of the S1 direction and a U(1) isometry direction on
the (2n−1)-sphere. In this paper we call this process as twisted dimensional reduction.
We apply a similar dimensional reduction to S4 × S1. Unlike S2n−1 × S1, the U(1)
directions on S4 shrinks to a point at the North pole and the South pole, and thus one
might expect that the twisted dimensional reduction would produce a singular manifold.
As we will see below, however, the resulting manifold is actually non-singular, and we
call it a squashed four-sphere. Since the isometry group on the round four-sphere,
SO(5), contains two U(1)’s which are consistent with the supersymmetry as we will
see later, the squashed four-spheres are two parameter deformations of the round four-
sphere.
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First, the metric on S4 × S1 is
ds2 = ds4s4 + dt
2, (2.1)
where t is the coordinate of the S1 direction, with t ∼ t + 2πβ.5 Here β is the radius
of the circle. The metric on the round four-sphere is given by
ds2S4 = ℓ
2{dθ2 + sinθ2(dφ2 + cos2φdα21 + sin2φdα22)}, (2.2)
where ℓ is the radius of the four-sphere. The domain of the coordinates are 0 ≤ θ ≤ π,
0 ≤ φ ≤ π
2
, 0 ≤ α1 ≤ 2π and 0 ≤ α2 ≤ 2π, and α1,2 are periodic coordinates.
To obtain a squashed four-sphere, we first define the twisted S4×S1 which has the
same metric ds2 as the S4 × S1, but the periodicities in the three circular directions
(α1, α2, t) are given as
α1α2
t

 ∼

α1 − 2πβǫ1n3 + 2πn1α2 − 2πβǫ2n3 + 2πn2
t+ 2πβn3

 (n1, n2, n3 ∈ Z), (2.3)
where we introduced two real parameter ǫ1 and ǫ2. Introducing new coordinates defined
as
α′1 ≡ α1 + ǫ1t, α′2 ≡ α2 + ǫ2t, t′ ≡ t, (2.4)
(2.3) is written in an “untwisted” form:
α′1α′2
t′

 ∼

α′1 + 2πn1α′2 + 2πn2
t′ + 2πβn3

 . (2.5)
Now it is possible to reduce the new circular direction denoted by t′, by taking the limit
of β → 0. To obtain the metric of resulting four dimensional manifold, we rewrite the
metric on the twisted S4 × S1 (2.1) in the new coordinates as
ds2 = ℓ2{dθ2 + sin2θ(dφ2 + cos2φ(dα′1 − ǫ1dt′)2 + sin2φ(dα′2 − ǫ2dt′)2)}+ dt′2
= ds24(ǫ1, ǫ2) + h
2(dt′ + u)2, (2.6)
5 Here we used the symbol ∼ as an identification.
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where
ds24(ǫ1, ǫ2) = ℓ
2
{
d2θ + sin2θ
(
dφ2 + cos2φdα′1
2
+ sin2φdα′2
2 − h
2
ℓ2sin2θ
u2
)}
, (2.7)
with
h =
√
1 + ℓ2sin2θ(ǫ21cos
2φ+ ǫ22sin
2φ),
u = uµdx
µ = −ℓ
2sin2θ
h2
(ǫ1cos
2φdα′1 + ǫ2sin
2φdα′2). (2.8)
To see that ds24 is the background metric of the four dimensional theory obtained by
the dimensional reduction of the five dimensional theory on twisted S4×S1, we rewrite
the standard kinetic term of a five dimensional scalar field in the twisted coordinate
(x′, t′): ∫
d4xdt
√
g(x, t)gmn(x, t)∂mΦ∂nΦ
=
∫
dt′d4x′
√
Gh(Gµ
′ν′∂µ′Φ∂ν′Φ + 2G
µ′ν′uµ′∂ν′Φ∂t′Φ + (∂t′Φ)
2). (2.9)
where gmn is the five dimensional metric on the twisted S
4×S1, i.e. the metric defined
by (2.1), in (x, t) coordinates and Gµ′ν′ is the metric defined by (2.7). After taking the
limit of β → 0, all the modes with non-zero Kaluza-Klein momentum decouple, and
the action of Kaluza-Klein zero modes, which can be considered as four dimensional
fields, is ∫
d4x′
√
GhGµ
′ν′∂µ′Φ∂ν′Φ. (2.10)
This implies that the four dimensional theory obtained by the dimensional reduction
have background metric of the squashed four-sphere Gµ′ν′. Note that this theory also
has the non-constant dilaton background h. By considering a vector field instead of
the scalar field, one finds that the theory have the graviphoton background u also.
The four dimensional manifold with the metric (2.7) is actually non-singular and
thus well-defined. Indeed, the last term in (2.7) behaves as ℓ4sin4θǫ2idα
2
j , which vanishes
appropriately at the north pole and the south pole. This metric is the one on the round
S4 deformed by two parameters in a similar way to obtain a squashed (2n− 1)-sphere
6
from S2n−1 × S1 in [7]. In this paper we call the manifold with the metric (2.7) as a
squashed four-sphere.
So far we have assumed that both ǫi’s are real. Here let us take ǫi’s pure imaginary
formally in the metric (2.7). Replacing ǫi with iei, one obtains
ds24(ie1, ie2) = ℓ
2
{
d2θ + sin2θ
(
dφ2 + cos2φdα′1
2
+ sin2φdα′2
2
+
h˜2
ℓ2sin2θ
u2
)}
(2.11)
with u(e1, e2) and
h˜(e1, e2) =
√
1− ℓ2sin2θ(e21cos2φ+ e22sin2φ). (2.12)
In this case the metric becomes singular at θ ∼ π
2
if max
i
{e2i } ≥ ℓ2. However, for e2i < ℓ2
one still have a non-singular manifold. Therefore, we have non-singular manifolds for
ǫi’s being both real or ǫi’s being both imaginary with (iǫi)
2 < ℓ2.
3 Supersymmetric gauge theories on S4 × S1
The supersymmetry transformation law on the squashed four-sphere can be obtained
if we have the one on the twisted S4 × S1 because the supersymmetry transformation
are closed even if the fields are restricted to the Kaluza-Klein zero-modes. Because the
difference between the S4 × S1 and the twisted S4 × S1 is just in the coordinate iden-
tifications, the supersymmetry transformation on the twisted S4 × S1 can be obtained
from the one on the S4×S1 as we will show later. Thus, in this section, we review the
supersymmetry on the S4 × S1 which were constructed in [8, 9].
Here we use the convention used in [21] [9] unless otherwise stated. We use Greek
indices (µ, ν, · · · = 1, 2, 3, 4) for the directions along the four-sphere and t or 5 for the
circular direction. To represent all the five directions, we use m,n, · · · = 1, 2, 3, 4, 5.
When an index denote the corresponding local Lorentz index, a symbol “hat” is added
on it (for examples, µˆ and mˆ).
Vectormultiplet
The vectormultiplet in the five dimensional N = 1 supersymmetry consists of a connec-
tion 1-form Am, a (Hermite) scalar boson σ, two spinor fermions λI and three auxiliary
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scalar bosons DIJ . Here I, J = 1, 2 and there is an SU(2)R symmetry acting on them.
The fermions λI transform as a doublet under this SU(2)R. The auxiliary fields DIJ
are symmetric with respect to the two indices and transforms as a triplet under the
SU(2)R.
The supersymmetry transformation law of the vectormultiplet is given by
δξAm = iǫ
IJξIΓmλJ ,
δξσ = iǫ
IJξIλJ ,
δξλI = −1
2
ΓmnξIFmn + Γ
mξIDmσ + ξJDKIǫ
JK + 2t JI Γ5ξJσ,
δξDIJ = −iξIΓmDmλJ + [σ, ξIλJ ] + iξKtIJΓ5λK + (I ↔ J), (3.1)
where ξI are the spinors satisfying following Killing Spinor equations
DµξI = t
J
I ΓµΓ5ξJ , D5ξI = 0. (3.2)
We also impose the twisted SU(2) Majorana condition [9], ξ†I = −ǫIJ tξJCΓ5, where C
is the charge conjugation matrix. Here t JI is a constant matrix which can be chosen as
t JI =
1
2ℓ
(σ3)
J
I . (3.3)
The equations (3.2) can be explicitly solved as
ξI =
√
f
(
1− (−1)
I
2ℓ
ΓµˆxµΓ5
)
ψI , (3.4)
with a pair of constant spinors (ψ1, ψ2) related to each other so that ξI satisfy the twisted
SU(2) Majorana condition. Here we have chosen the coordinate xµ as a conformal basis
defined by
x1 = 2ℓ tan
θ
2
cosφ cosα1,
x2 = 2ℓtan
θ
2
cosφsinα1,
x3 = 2ℓtan
θ
2
sinφcosα2,
x4 = 2ℓtan
θ
2
sinφsinα2, (3.5)
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with which the metric on the four-sphere is simply ds2S4 = f
2dxµdxµ, where f =(
1 +
x2µ
4ℓ2
)−1
.
From (3.1) one finds that a commutator of two supersymmetry transformations
close into the sum of a translation generated by a linear combination of Killing vectors,
a SU(2)R rotation, a local Lorentz rotation and a gauge transformation:
[δξ, δη]Am = −ivnFnm +Dmγ,
[δξ, δη]σ = −ivnDnσ,
[δξ, δη]λI = −ivnDnλI + i[γ, λI ] +R JI λJ +
1
4
ΘaˆbˆΓaˆbˆλI ,
[δξ, δη]DIJ = −ivnDnDIJ + i[γ,DIJ ] +RIˆKI DKJ +R KJ DIK , (3.6)
where
vm = 2ǫIJξIΓ
mηJ , γ = −2iǫIJξIηJσ, RIJ = 4iǫKLξKΓ5tIJηL,
Θaˆbˆ = −2itIJ(ξIΓ5ΓaˆbˆηJ − ηIΓ5ΓaˆbˆξJ). (3.7)
For S4×S1, it may be impossible to construct a supersymmetric Yang-Mills action
which becomes the supersymmetric Yang-Mills action on the round four-sphere in the
limit of β → 0 [9]. We will, however, construct a supersymmetric Yang-Mills action on
the squashed four-sphere in section 4.
Hypermultiplets
The hypermultiplet consists of two bosonic scalars qI , a fermionic spinor ψ and two
bosonic auxiliary scalars FI′, where I ′ = 1, 2. The supersymmetry transformation law
of hypermultiplet is given as
δξqI = −2iξIψ,
δξψ = ǫ
IJΓmξIDmqJ + iǫ
IJξIσqJ − 2tIJΓ5ξIqJ + ǫI′J ′ ξˇI′FJ ′,
δξFI′ = 2ξˇI′(iΓmDmψ + σψ + ǫKLλKqL), (3.8)
where ξˇI′ is a pair of spinors which satisfy
ξI ξˇJ ′ = 0, ǫ
I′J ′ ξˇI′ ξˇJ ′ = ǫ
IJξIξJ . (3.9)
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Since ξˇI′ is related to ξI , the off-shell construction is possible only with respect
to a single supersymmetry δξ, but this is enough for the localization technique to be
applicable. Regarding δξ as a fermionic operation, i.e. ξI as a bosonic variable, the
square of δξ is given by
δ2ξ qI = iv
mDmqI − iγqI − R JI qJ ,
δ2ξψ = iv
mDmψ − iγψ − 1
4
ΘaˆbˆΓaˆbˆψ,
δ2ξFI′ = ivmDmFI′ − iγFI′ +R′ J
′
I′ FJ ′, (3.10)
where
vm = ǫIJξIΓ
mξJ , γ = −iǫIJξIξJσ, Θaˆbˆ = 2itIJξIΓ5ΓaˆbˆξJ ,
RIJ = 2itIJǫ
KLξKΓ
5ξL, R
′
I′J ′ = −2iξˇI′ΓmDmξˇJ ′. (3.11)
To show (3.10), following identities are useful
ǫIJξI
tξJC + ǫ
I′J ′ ξˇI′
tξˇJ ′C = −1
2
(ξIξ
I) · 1 , ξˇI′ΓmξˇI′ = −ξIΓmξI , (3.12)
where 1 is the identity matrix with spinor indices. These are derived from (3.9).
For the hypermultiplet, one can construct an action on S4 × S1. The result is
Shyp =
∫
d5x
√
gtr
(
ǫIJ(Dµq¯ID
µqJ − q¯Iσ2qJ)− 2(iψ¯ΓmDmψ + ψ¯σψ)
− iq¯IDIJqJ − 4ǫIJ ψ¯λIqJ − ǫI′J ′F¯I′FJ ′
− 2tIJ q¯ID5qJ + 4
ℓ2
ǫIJ q¯IqJ
)
. (3.13)
Above the massless case have been considered for simplicity. A mass can be introduced
as follows. First add a U(1) vectormultiplet (A
(m)
m , σ(m), λ
(m)
I , D
(m)
IJ ), and assign a unit
U(1) charge to the hypermultiplet. Then fix the value of this vectormultiplet to a
supersymmetry invariant configuration {A5 = m, others= 0}. As a result mass terms
of hypermultiplet is induced by the covariant derivatives.
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4 Supersymmetry on a squashed four-sphere
In this section, we will show how a four dimensional theory on the squashed four-sphere
is obtained by the dimensional reduction of the five dimensional theory on the twisted
S4×S1. It will be shown that a quarter of the supersymmetry survives if the periodicity
of the fields in the circle is appropriately twisted.
First we consider a basis of the Killing spinors as
{ξ} =
⊕
s1,s2=±1
{ξ}(s1,s2), (4.1)
where {ξ}(s1,s2) is the set of killing spinors constructed by ψ2 satisfying Γ1ˆ2ˆψ2 = is1ψ2
and Γ3ˆ4ˆψ2 = is2ψ2. Then we find by an explicit calculation that the killing spinors
belonging to each {ξ}(s1,s2) satisfy the following identity
O(s1, s2)ξI ≡ L(∂t − p)ξI + R˜(s1, s2) JI ξJ
= 0, (4.2)
where p = ǫi∂αi and
R˜(s1, s2)
J
I = −i(ǫ1s1 + ǫ2s2)ℓt JI . (4.3)
The action of the operator O(s1, s2) is defined by the r.h.s in the first line. Here the
Lie derivative of a spinor is defined by
L(a)ϕ ≡
(
amDm − 1
4
(∇man)Γmn
)
ϕ. (4.4)
For later convenience, we divide O into a derivative ∂t − pµ∂µ = ∂t′ and the other
operator without the derivative, and rewrite (4.2) as
∂t′ξI = −O˜(s1, s2)ξI , (4.5)
where O˜(s1, s2) is the non-derivative part of O(s1, s2), i.e. O˜(s1, s2) = O(s1, s2)− ∂t′ .
This equation implies that the Killing spinor satisfies
ξ(x′, t′ + 2πβ) = e−2πβO˜(s1,s2)ξ(x′, t′). (4.6)
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Thus, we should modify the boundary condition of the fields in order to keep (some
part of) supersymmetry on the twisted S4 × S1.
Now we choose one of the (s1, s2) and impose following twisted periodic boundary
condition to the fields as in [12]:
Φ(x′, t′ + 2πβ) = e−2πβO˜(s1,s2)Φ(x′, t′). (4.7)
Indeed, with this boundary condition, we can see that the supersymmetry transforma-
tions (3.1) are consistent for the theory on the twisted S4× S1 with the quarter of the
supersymmetry with ξI belonging to the {ξ}(s1,s2).
The Kaluza-Klein decomposition of the fields with the twisted boundary condition
is
Φ(x′, t′) =
∑
n∈Z
e
int′
β e−t
′O˜(s1,s2)Φn(x
′). (4.8)
Therefore, if we take the limit of β → 0, an ordinal kinetic term give infinitely large
masses in four-dimensional sense to each Kaluza-Klein modes except those with n = 0.
As a result all the modes with n 6= 0 decouple and the fields are effectively restricted
so that they have only the Kaluza-Klein zero modes which satisfy
∂t′Φ = −O˜(s1, s2)Φ. (4.9)
The identities (4.5) guarantees that this condition can be kept under the super-
symmetry transformation δξ with ξ ∈ {ξ}(s1,s2).6 Therefore these supersymmetry is
preserved even in the four dimensional theory on the squashed four-sphere obtained by
the dimensional reduction.
The theory on the squashed four-sphere has generically a quarter of the supersym-
metry of the theory on the round four-sphere. However, for some special values of the
deformation parameters ǫi, supersymmetry enhancements occur. For generic ǫ1 and ǫ2,
the conditions ∂t′Φ = O˜(s1, s2) with different (s1, s2)s are distinct. Therefore one can
6 By simply substituting the Kaluza-Klein decomposition into the r.h.s of the supersymmetry
transformation, one finds that the modes with non-zero Kaluza-Klein momentum also contribute to
the Kaluza-Klein zero mode of the l.h.s. through non-linear terms. However these contribution vanish
after renormalizing the modes with n 6= 0 as Φn → βnΦ and taking the limit of β → 0.
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impose only one of four conditions and as a result the surviving supersymmetry is a
quarter of those in the theory on S4 × S1. On the other hand, if one of ǫi is zero or
ǫ1±ǫ2 = 0, two of the four conditions degenerate. Correspondingly the supersymmetry
in four dimension enhances to a half of those in the theory on S4 × S1. Moreover,
if ǫ1 = ǫ2 = 0, all the four condition degenerate and all the supersymmetry are pre-
served. In this case, the four dimensional theory is just the N = 2 theory on the round
four-sphere [1].
The supersymmetry transformation law in four dimensional theory on the squashed
four-sphere is immediately obtained by replacing all the ∂t′ in the five dimensional law
(3.1) and (3.8) with O˜(s1, s2), according to (4.9). An action of the four dimensional
theory also would be obtained from that of the five dimensional theory on the twisted
S4 × S1 by a similar replacement. Unfortunately, however, no such five dimensional
action is known which would reproduce the four dimensional Yang-Mills term. There-
fore the construction of a supersymmetry invariant Yang-Mills action on a squashed
four-sphere is a non-trivial problem. In the next section we will consider this problem.
5 Supersymmetry invariant action of the vector-
multiplet on a squashed four-sphere
In this section we will construct an supersymmetry invariant Yang-Mills action on the
squashed four-sphere.
As pointed out in [9] it is difficult to construct a supersymmetry invariant Yang-
Mills action on S4×S1. The reason is as follows. On the one hand, a four dimensional
Yang-Mills action on the four-sphere is obtained from the one on the flat R4 by confor-
mal transformation. Through this step the two scalars in vectormultiplet gain masses
associated to the curvature. On the other hand, if one had a five dimensional action
and dimensionally reduce the circular direction t, At turned into a scalar, which must
be massless because of the five dimensional gauge symmetry.
It is possible, however, to construct an action on the twisted S4× S1 which is both
gauge invariant and supersymmetry invariant if we neglect the massive KK modes.
From this action one can obtain an gauge invariant and supersymmetry invariant action
13
on the squashed four-sphere by the dimensional reduction.7
Below, we construct such an action. Hereafter we choose s1 = s2 = 1 because the
choice of it is just the matter of convention and can be absorbed to the definition of ǫi.
Furthermore, for simplicity, we restrict the twisting parameters to satisfy ǫ1 = −ǫ2 ≡ ǫ.
Even though it might be possible to construct an invariant action for the general ǫi, it
would require more lengthy and tedious calculation.
We start from the following trial action:
S ′vec =
∫
d5x
√
gtr
(
1
2
FmnF
mn − (Dmσ)(Dmσ)− 1
2
DIJD
IJ + iλIΓ
mDmλ
I
− λI [σ, λI ] + 2At′tIJDIJ + 1
ℓ2
(3A2t′ − 2σ2)
)
. (5.1)
This ansatz is motivated by modifying the one constructed in [9] so that the twisted
dimensional reduction produces appropriate scalar terms (written in At′ = At− pµAµ).
The supersymmetry transformation of this S ′vec is
δξS
′
vec =
∫
d5x
√
gtr
(
4itIJ{ξIΓmλJ(O(1, 1)Am − ξIλJO(1, 1)σ}
− 6i
ℓ2
pµAt′ξIΓµλ
I
+ 4ipµtIJ
{
FµmξIΓ
mλJ − ξIλJDµσ − 1
2
DIJξKΓµλ
K
})
, (5.2)
where we arranged the terms which vanishes as the limit of β → 0 is taken and the
fields are restricted as (4.9) into the first line. To write down the rest of terms in δξS
′
vec
(the second line and the third line), we used the explicit form of O acting on Am and σ
O(1, 1)Am = ∂t′Am − (∂mpn)An, O(1, 1)σ = ∂t′σ. (5.3)
In order to have a supersymmetry invariant action on the squashed four-sphere, we
need to add some terms to the trial action S ′vec which compensate the second line in
7 Of course, we can construct an gauge and supersymmetry invariant action on the squashed four-
sphere directly using the four dimensional supersymmetry transformation, however, we guess that a
computation for that is harder than the five-dimensional construction we employed here.
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(5.2). To find such terms, the following three identities will be useful:
sIKt JK + t
IKs JK = −tKLsKLǫIJ , t JI ξJ = F(2)ξI , t JI tξJC = tξICF ′(2), (5.4)
where sIJ is an arbitrary symmetric tensor and
F(2) =
∇µpν
4(h2 − 1)p
λΓλΓ5Γ
µν , F ′(2) =
∇µpν
4(h2 − 1)Γ
µνpλΓλΓ5. (5.5)
The last two identities in (5.4) follows from Killing spinor equation (3.2) and the su-
persymmetry surviving condition (4.5).
With these identities, it is shown that the following term
I1 ≡
∫
d5x
√
gtr
(
iλIp
µ(tIJ − ǫIJF ′(2))ΓµλJ
)
(5.6)
transforms as
δξI1 =
∫
d5x
√
gtr
(
2ipµtIJDIJξKΓµλ
K +O((DIJ)0)
)
(5.7)
and thus cancels the terms linear in DIJ in δξS
′
vec.
With this I1 added, the unwanted terms are
δξ(S
′
vec + I1)−
∫
d5x
√
gtr
(
4itIJ(ξIΓ
mλJO(1, 1)Am − ξIλJO(1, 1)σ)
)
=
∫
d5x
√
gtr
(
1
2
(
2i(∇µpν)(Dµσ)ξIΓνλI − i(∇µpν)FµνξIλI
)− 6i
ℓ2
pµAt′ξIΓµλ
I
− iǫµνλρ(∇µpν)Fλ5ξIΓρλI + i
2
ǫµνλρ(∇µpν)FλρξIΓtλI
)
, (5.8)
where we arranged all the terms like ξI(· · · )λJ into the form of (· · · )IJξK(· · · )λK with
the help of (5.4). Now it is easy to see that this is equal to
δξ
∫
d5x
√
gtr
(
1
2
ǫµνλρ(∇µpν)Fλρσ − (∇µpν)(FµνA5 + (∂5Aµ)Aν) + 3
ℓ2
(pµAµ)
2
)
. (5.9)
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Putting above results together we finally obtain a desired action:
Svec
=
1
g2YM
∫
d5x
2πβ
√
gtr
(
1
2
FmnF
mn − (Dmσ)(Dmσ)− 1
2
DIJD
IJ + iλIΓ
mDmλ
I
− λI [σ, λI ] + 2At′tIJDIJ + 1
ℓ2
(3A2t′ − 2σ2)
+ iλI
(
tIJpµΓµ +
1
4
ǫIJ(∇µpν)ΓµνΓ5
)
λJ
− 1
2
ǫµνλρ(∇µpν)Fλρσ
+ (∇µpν)(FµνA5 + (∂5Aµ)Aν)− 3
ℓ2
(pµAµ)
2
)
, (5.10)
which is invariant under the supersymmetry transformation δξ up to massive Kaluza-
Klein modes. Here we multiplied 1
2πβg2YM
to the action to obtain a four dimensional
action normalized in a familiar way.
The theta term
iθ0
32π2
∫
d4x′
√
Gtrǫµ
′ν′λ′ρ′Fµ′ν′Fλ′ρ′ (5.11)
is also supersymmetry invariant due to its topological nature and can be added to the
action.
The action (5.10) should be also invariant under the gauge transformation G(ǫg)
with the gauge transformation parameter satisfying O(1, 1)ǫg = ∂t′ǫg = 0 in order
to obtain a gauge invariant action on the squashed four-sphere after the dimensional
reduction. We can see that this is indeed the case. Actually, with some computations,
we can show that the terms in the last line in (5.10) can be rewritten as
1
g2YM
∫
d5x
2πβ
√
gtr
(
(∇µpν)FµνAt′ − ǫ
2ℓ2
4
1− r2
4ℓ2
1 + r
2
4ℓ2
ǫµνλρFµνFλρ
)
. (5.12)
The second term looks like the theta term, but it has the non-constant pre-factor. As
we will see in the next section, only the values of the action around the north pole
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and the south pole are relevant to the partition function. There, the second term in
(5.12) behaves like the ordinal theta term. Note, however, that the non-constant pre-
factor
1− r2
4ℓ2
1+ r
2
4ℓ2
flip its sign as one goes from the north pole to the south pole. Therefore
the contribution of this term cannot be absorbed to the addition of the theta term
(5.11). Rather, it changes the Yang-Mills coupling constants for the instantons which
are point-wisely localized at the north pole and the south pole.
6 Localization
In this section we will calculate the partition function of the four dimensional theory
on the squashed four-sphere defined in the previous sections by using the localization
technique.
The localization technique can be applied if the theory has a continuous symmetry
with a fermionic generator Q, for which there exist a fermionic potential V such that
the bosonic part of Sr ≡ QV is positive semi definite and QSr = 0. Below, we will call
V as regulator potential and Sr as regulator action.
To explain the localization technique, we consider following quantity
Z ′(τ) =
∫
DΦexp [−S − τSr] , (6.1)
where τ is a real parameter. We denote all the fields by Φ. This Z ′(τ) includes the
original partition function as Z = Z ′(0). If τ is large, all configurations but those
around the zeroes of Sr is suppressed, and in the limit of τ → ∞ the saddle point
approximation becomes exact:
Z ′(∞) =
∑
Φ0
exp[−S[Φ0]]× Z1-loop(Φ0). (6.2)
where Φ0 is a zero point configuration of Sr and Z1-loop(Φ0) is the perturbative one loop
determinant of the theory described by the action Sr, around Φ = Φ0. On the other
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hand, by differentiating Z ′ by τ one obtains
dZ ′(τ)
dτ
=
∫
DΦ(−Sr) exp[−S − τSr]
=
∫
DΦQ (−V exp[−S − τSr])
= 0, (6.3)
which shows that Z ′(τ) is actually independent of the value of τ . Therefore the partition
function is
Z = Z ′(∞) =
∑
Φ0
exp[−S[Φ0]]× Z1-loop(Φ0). (6.4)
The 1-loop factor Z1-loop(Φ0) is a non-trivial, but, an exactly calculable quantity.
We can decompose Φ into its bosonic part Φb and fermionic part Φf , and then can
chose V as
V = ((QΦf )
†,Φf), (6.5)
where † is an Hermitian conjugate and (·, ·) is a Q2 invariant positive definite inner
product of functions. Sr = QV with this V indeed satisfies the required properties
for the localization. If we decompose Φb and Φf further as Φb = (X,QΞ) and Φf =
(QX,Ξ), fix Hermicity of fields appropriately and write the regulator potential V as
V =
[
QX Ξ
] [D0,0 D0,1
D1,0 D1,1
] [
X
QΞ
]
, (6.6)
then the regulator action Sr is
Sr =
[
X QΞ
] [H 0
0 1
] [
D0,0 D0,1
D1,0 D1,1
] [
X
QΞ
]
+
[
QX Ξ
] [D0,0 D0,1
D1,0 D1,1
] [
1 0
0 H
] [
QX
Ξ
]
, (6.7)
where
H ≡ Q2. (6.8)
From (6.7) it immediately follows that
Z1-loop =
(
detcoKer(D1,0)H
detKer(D1,0)H
) 1
2
. (6.9)
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If the eigenvalues of H are hi and their degeneracies in Ker(D1,0) and in coKer(D1,0)
are nbi and nfi respectively, the 1-loop determinant can be written as
Z1-loop =
∏
i
h
nfi−nbi
2
i . (6.10)
Here nbi and nfi can be read off from the index of D1,0 defined by
ind(D1,0,H; q) ≡ trcoKer(D1,0)eqH − trKer(D1,0)eqH. (6.11)
Note that this index is well defined only when both of nbi and nfi are finite for every
eigenvalue. This is satisfied when D1,0 is transversally elliptic, which have been checked
in many cases [3, 1].
In this section we first consider the 5d theory on the twisted S4×S1 with the twisted
periodicity (4.7) and obtain the saddle point configurations and 1-loop determinants.
Then we consider only the Kaluza-Klein zero modes which satisfy (4.9) and obtain
the results on the squashed four-sphere. After this dimensional reduction, there are
the supersymmetry invariant actions (3.13) and (5.10), thus we obtain the partition
function by evaluating them at the saddle point configurations.
Although the saddle point configurations and 1-loop determinants are already ob-
tained in the 5d theory on the untwisted S4 × S1 in [8, 9], it is not straightforward
to obtain our result from them. First, the saddle point configurations obtained in the
untwisted theory may be inconsistent to the twisted periodicity. Second, since the
periodicity in our theory is different from that in the untwisted theory and they give
different eigenvalues for the same differential operator, the 1-loop determinant must be
changed even if the saddle point configurations are same.8
As we will see in the following, the saddle point configurations are the same. On
the other hand, the 1-loop determinants and the values of the action at the saddle
point configurations are different from those in the untwisted theory, which makes the
partition function non-trivial.
8 One may also worry that the transversal ellipticity of D1,0 may be violated because of the twisted
periodicity. However, it is not the case, since the notion of transversal ellipticity is invariant under
any continuous (small) deformation of the differential operator.
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The vectormultiplet
In our case we can chose Q as supersymmetry δξ with some fixed killing spinor ξI . We
take ξI bosonic to have δξ fermionic. In this section, we denote this fermionic δξ as δ.
We chose the ξI or, equivalently, ψI as
Γ1ˆ2ˆψ2 = Γ
3ˆ4ˆψ2 = iψ2, (6.12)
so that the supersymmetry generated by this ξI remains in the four dimensional limit,
and normalize them as
s = ξIξ
I = −cosθ,
v = ξIΓ
mξI∂m =
i
ℓ
(
−x2 ∂
∂x1
+ x1
∂
∂x2
− x4 ∂
∂x3
+ x3
∂
∂x4
)
+
∂
∂t
. (6.13)
As discussed in the beginning of this section, Vvec, regulator potential for the vec-
tormultiplet, can be chosen as9
Vvec =
∫
d5x
√
detgδ
(
tr(λI)
†λI
)
, (6.14)
where
(δλI)
† =
1
2
ξ
†
IΓ
mnFmn − ξ†IΓmDmσ + ξ†JD IJ − 2ξ†KΓ5t IK σ. (6.15)
(6.15) follows from (3.1) and Hermicity condition of fields
σ† = −σ, (DIJ)† = −DIJ (6.16)
which are required for the convergence of the original path integral Z.
9 One should consider the regulator potential for the hypermultiplet simultaneously because the
original action is invariant only when both the vectormultiplet and the hypermultiplet are simultane-
ously transformed by (3.1) and (3.8). As we will see later, however, the regulator potential for the
hypermultiplet neither affects the saddle point condition of the vectormultiplet nor includes fluctu-
ations in the vectormultiplet around the saddle point configurations. Therefore one can forget the
hypermultiplet completely when one calculate the contribution to the 1-loop determinant from the
vectormultiplet.
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The bosonic part of δVvec is obviously positive. Concretely, it is
δVvec|bos
=
∫
d5x
√
gtr
(
1
2
FmnF
mn − (Dmσ)(Dmσ)− 1
2
DIJD
IJ − 1
ℓ2
σ2
− s
4
ǫµνλρFµνFλρ − s
4
ǫµνλρFµνFλρ − 1
2
ǫµνλρFµν(Dλvρ)σ
)
=
∫
d5x
√
gtr
(
1− s
2
(
(F+)µν − σ
2(1− s)((dv)+)µν
)2
+
1 + s
2
(
(F−)µν +
σ
2(1 + s)
((dv)−)µν
)2
+ FµtF
µt
− (Dmσ)(Dmσ)− 1
2
DIJD
IJ
)
, (6.17)
where (dv)µν = ∂µvν − ∂νvµ and the subscript ± denotes the sd/asd decomposition of
a two-form defined as
(F±)µν ≡ 1
2
(
Fµν ± 1
2
ǫ λρµν Fλρ
)
. (6.18)
Now we investigate the zero configurations of (6.17). When s 6= ±1, all the squares
must vanish at a saddle point:
Fµt = 0, Dmσ = 0, DIJ = 0
F+ − σ
2(1− s)(dv)+ = 0, F− +
σ
2(1 + s)
(dv)− = 0, (6.19)
which implies
Aµ = 0, At′ = at′ , σ = 0, DIJ = 0 (6.20)
up to a gauge transformation. Here at′ is a constant in the Lie algebra, which is periodic
because of the large gauge transformations in t′ unfixed by (6.20):
at′ ∼ at′ + niHi
β
(ni ∈ Z), (6.21)
where Hi are the basis of the Cartan subalgebra of the gauge group.
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At the point s = ±1 (north/south pole), on the other hand, one of the last two
conditions in (6.19) is not imposed since the coefficient of corresponding term in (6.17)
vanishes. Thus instanton configurations which are pointwisely localized at the two
poles are also allowed as saddle point configurations.
Evaluating the Yang-Mills action (5.10) with the theta term (5.11) at these saddle
points, we have
Svec =
8π2ℓ2
g2YM
tra2t′ +
16π2
g′YM
2 (−νnp + νsp) + 2iθ0(νnp + νsp), (6.22)
where
1
g′YM
2 =
1 + ǫ2ℓ2
g2YM
. (6.23)
The first term comes from the mass term of At′ in the second line of (5.10). The second
term and the third term are the contributions of the instantons which are pointwisely
localized at the north pole or the south pole. At the north pole (s = −1), F− are
unconstrained and thus there are anti-instantons. We denoted the instanton number
as νnp, which is non-positive integer. At the south pole (s = 1), on the other hand, the
self-dual instanton solutions are allowed, the instanton number of which we denote as
νsp ≥ 0. Because of the second term in (5.12), the Yang-Mills coupling constant in the
instanton contributions is effectively changed.10
To evaluate the saddle point value of the action, we restricted the two squashing
parameters such that ǫ1 = −ǫ2 ≡ ǫ. It may be hard task, but interesting to find the
Yang-Mills action even for ǫ1 6= −ǫ2 although there would not exist such term.
BRST complex
To calculate the 1-loop determinant of the vectormultiplet, here we introduce ghosts
which consist of the fermionic ones c, c˜, c0, c˜0, and the bosonic ones B,B0, a0, a˜0. We
10 Here the Yang-Mills coupling constant itself is not changed because, for example, the local high
energy scattering of the gluons are described by gYM, not g
′
YM
. Only the weights for the instanton
contributions are changed by the term.
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define the BRST symmetry δB, under which the ghosts transform as
δBc = icc+ a0, δBa0 = 0, δB c˜ = B, δBB = i[a0, c˜],
δB a˜0 = c˜0, δB c˜0 = i[a0, a˜0], δBB0 = c0, δBc0 = i[a0, B0] (6.24)
and all the other fields in the vectormultiplet and the hypermultiplet transform as
δB(boson) = G(c)(boson), δB(fermion) = i{c, (fermion)}. (6.25)
We define the supersymmetry transformation law of ghosts as
δc = −i(sσ − vmAm), δB = ivm∂mc˜, δ(other ghosts) = 0 (6.26)
so that the square of the new fermionic charge defined by Q = δ + δB is the same for
all the fields:
H ≡ Q2 = iL(v)− 2it JI + G(a0). (6.27)
To fix the gauge, we introduce a Q-exact term SGF = QVGF with
VGF =
∫
d5x
√
gtr(c˜(G+B0) + ca˜0), (6.28)
where
G = i∇mAm + iL(v)(Φ− A5) = i∇µAµ + ivµ∂µ(vνAν − sσ) + i∂5Φ (6.29)
with Φ = vmAm − sσ. One can show by explicit calculation that this term play the
same role as δBVGF and fix the gauge properly after the ghosts being integrated out.
Now Φ = {Am, σ,DIJ , λI} ⊕ {ghosts}. Then we replace Vvec with
V ′vec = Vvec + Vgho + VGF, (6.30)
where Vgho =
∫
d5x
√
gtr((Qc)†c+ (Qc˜)†c˜). The saddle point equations are the previous
ones (6.19) from QVvec|bos = 0 and
−i(sσ − vmAm) + a0 = 0, B = 0 (6.31)
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from QVgho|bos = 0.
For systematic calculation, it is convenient to replace the spinor λI with the fields
with integral spins [9]:
Ψ ≡ δσ = iξIλI , Ψµ ≡ δAµ = iξIΓµλI , ΞIJ ≡ ξIΓ5λJ + ξJΓ5λI . (6.32)
These can be solved for λI as
λI = −iΓ5ξIΨ− iΓµ5ξIΨµ + ξJΞJI . (6.33)
With these, we divide the set of fields Φ into
X = (σ,Aµ, a¯0, B0), Ξ = (ΞIJ , c¯, c) (6.34)
and their supersymmetry partners QX and QΞ.
Below we will calculate the index (6.11).11 Since the gauge transformation in H
acts uniformly to all the fields, its contribution is factored out in the index:
ind(D1,0,H; q) =
∑
α∈g
eiqa0·α(−2 + ind′(D1,0,H(a0 = 0); q)), (6.35)
where g is the Lie algebra of the gauge group. −2 is the contribution from two bosonic
zero modes a˜0 and B0. Here the second term in the parentheses is defined for the
remaining fields, X ′ = (Aµ, σ) and Ξ, which can be further decomposed into the sum
of the contributions from the modes who have the same Kaluza-Klein momentum k
β
,
X ′(k) and Ξ(k). With these, we find
ind′(D1,0,H(a0 = 0); q) =
∑
k∈Z
ind′(k)(D(k)1,0 ,H(k)(a0 = 0); q), (6.36)
where D
(k)
1,0 and H(k) are defined by replacing ∂t′ with ikβ + O˜(1, 1) in D1,0 and H,
respectively (see (4.8)). More explicitly, H(k) is given by
H(k) = −L(vH)− i(2t JI + R˜(1, 1) JI )−
k
β
+ G(a0), (6.37)
11 The 1-loop determinant with the same twisted periodicity was already calculated in [8] to compute
the superconformal index in five dimension, although our main concern in this paper is the theory
on the squashed four-sphere. The computations in [8] are essentially same as the ones in this paper,
however, we use the pure spinor like method for the hypermultiplets as in [21, 1] and construct explicitly
the BRST complex.
where
vH = −i(vµ∂µ + p) = γi
ℓ
∂αi (6.38)
with
γi = 1− iℓǫi, (6.39)
and R˜ was defined in (4.3). Again, since − k
β
in H(k) acts uniformly to all the fields in
X ′(k) and Ξ(k), its contribution is factored out and thus the index is
ind(D1,0,H; q) =
∑
α∈g
eiqa0·α
(
−2 +
∑
k∈Z
e−
qk
β ind′(0)(D(0)1,0,H(0)(a0 = 0); q))
)
. (6.40)
In order for the index ind′(0) to be well defined, the degeneracy of each eigenvalue
of H(0)(a0 = 0) must be finite both in Ker(D(0)1,0) and in coKer(D(0)1,0). The sufficient
condition for this is that D
(0)
1,0 is a transversally elliptic operator with respect to vH. In
our case this is satisfied as discussed in the beginning of this section.
Then ind′(0) can be calculated by applying Atiyah-Bott formula [22] to the complex
EX′(0) → EΞ(0) (where Γ(EX′(0)) = {X ′(0)} and Γ(EΞ(0)) = {Ξ(0)}):
ind′(0)(D(0)1,0,H(0)(a0 = 0); q) =
∑
xp∈F
trE
Ξ(0)
eqHˆ
(0)(a0=0) − trE
X′(0)
eqHˆ
(0)(a0=0)
det(1− ∂x′
∂x
)
∣∣∣
xp
, (6.41)
where F is the set of the fixed points under xµ → x′µ = e−qL(vH)xµ, i.e. the north pole
and the south pole. The determinant in the denominator is
det
(
1− ∂x
′
∂x
)
= (1− e iqγ1ℓ )(1− e− iqγ1ℓ )(1− e iqγ2ℓ )(1− e− iqγ2ℓ ). (6.42)
Hˆ(0) is the vector bundle homomorphism naturally induced from H(0). The eigenvalues
of H(0)(a0 = 0) are
e
iqγ1
ℓ , e−
iqγ1
ℓ , e−
iqγ2
ℓ , e−
iqγ2
ℓ , 1 (6.43)
in EX′(0) and
1, e
iq(γ1+γ2)
ℓ , e−
iq(γ1+γ2)
ℓ , 1, 1 (6.44)
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in EΞ(0) . Thus
ind′(0)(D(0)1,0,H(0)(a0 = 0); q)
=
1 + e−i
q
ℓ
(γ1+γ2)
(1− e−i qℓ γ1)(1− e−i qℓ γ2) +
1 + e−i
q
ℓ
(γ1+γ2)
(1− e−i qℓ γ1)(1− e−i qℓ γ2)
=
∑
n1,n2≥0
(
e−i
q
ℓ
niγi + e−i
q
ℓ
(ni+1)γi + ei
q
ℓ
niγi + ei
q
ℓ
(ni+1)γi
)
, (6.45)
where we expanded the denominator of the terms coming from the north pole in positive
power of e−i
q
ℓ
γi and those from the south pole in negative power in the second line, to
obtain the correct index [1].
From (6.40) and (6.45), we find that the 1-loop determinant is
Z
vec,5d
1-loop =
∏
α∈∆
(ia0 · α)−1
×
∏
k∈Z
∏
n1,n2≥0
(
k
β
− iniγi
ℓ
+ ia0 · α
) 1
2
(
k
β
− i(ni + 1)γi
ℓ
+ ia0 · α
) 1
2
(
k
β
+
iniγi
ℓ
+ ia0 · α
) 1
2
(
k
β
+
i(ni + 1)γi
ℓ
+ ia0 · α
) 1
2
=
∏
α∈∆+
(ia0 · α)−2
×
∏
k∈Z
∏
n1,n2≥0
(
k
β
− iniγi
ℓ
+ ia0 · α
)(
k
β
− i(ni + 1)γi
ℓ
+ ia0 · α
)
(
k
β
+
iniγi
ℓ
+ ia0 · α
)(
k
β
+
i(ni + 1)γi
ℓ
+ ia0 · α
)
, (6.46)
where ∆ is the set of roots and ∆+ is the set of positive roots in g. We neglected the
contribution from the modes in Cartan subalgebra, which gives only an a0 independent
overall factor.
Omitting the contributions from the massive Kaluza-Klein modes, we obtain the
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four dimensional result
Zvec1-loop =
∏
α∈∆+
(ia0 · α)−2
∏
n1,n2≥0
(
−iniγi
ℓ
+ ia0 · α
)(
−i(ni + 1)γi
ℓ
+ ia0 · α
)
×
(
iniγi
ℓ
+ ia0 · α
)(
i(ni + 1)γi
ℓ
+ ia0 · α
)
=
∏
α∈∆+
Υb(iaˆ0 · α)Υb(−iaˆ0 · α)
(aˆ0 · α)2 , (6.47)
where
b =
√
γ1
γ2
=
√
1− iℓǫ1
1− iℓǫ2 , (6.48)
and
aˆ0 =
iℓ√
γ1γ2
a0. (6.49)
In the last step in (6.47) we again neglected some a0 independent overall factors. Here
we defined the Upsilon function by the following infinite product
Υb(x) =
∏
n1,n2≥0
(
bn1 +
n2
b
+ x
)(
bn1 +
n2
b
+ b+
1
b
− x
)
. (6.50)
Υb(x) is also characterized by following relations
Υb(x) = Υb
(
b+
1
b
− x
)
, Υb
(
1
2
(
b+
1
b
))
= 1,
Υb(x+ b) = Υb(x)
Γ(bx)
Γ(1 − bx)b
1−2bx, Υb
(
x+
1
b
)
= Υb(x)
Γ(x
b
)
Γ(1 − x
b
)
(
1
b
)1− 2x
b
. (6.51)
The 1-loop determinant (6.47) is identical to the result obtained for the ellipsoid,
except that the parameter b, which is in the case of the ellipsoid the square root of
the ratio between the length of the major semi-axis and that of the minor semi-axis
and thus must be real, is replaced by (6.48). b can take arbitrary value in C\R+ with
Reb > 0. Moreover, when both of ǫi are pure imaginary and |ǫi| < ℓ, the value of b
becomes real positive and the parameter region obtained in [3] is reproduced.
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The hypermultiplet
Now we consider the contribution from the hypermultiplet. The regulator potential for
the hypermultiplet can be taken as
Vhyp =
∫
d5x
√
gtr((δψ)†ψ). (6.52)
Here we divide ψ into the components proportional to ξ, that is, δqI , and the
components proportional to ξˇ as
ψ = − i
s
(ξIψ
I
+ + ξˇI′ψ
I′
−), (6.53)
where
ψ+I = −2iξIψ = δqI , ψ−I′ = ξˇI′ψ. (6.54)
This field redefinition eliminates spinor indices and thus simplify the form of δ2. Since
(6.53) is an orthogonal decomposition, the saddle point condition of Sr|bos = QVhyp|bos,
that is, δψ = 0, is equivalent to δψ+I = δψ−I′ = 0, which implies
qI = FI′ = 0, (6.55)
with an appropriate Hermicity conditions for q, F as shown in [9]. Note that we do not
obtain any further constraint on the saddle point configurations of the vectormultiplet,
as commented in the footnote when we calculated the contribution of the vectormulti-
plet.
To continue, we take ξˇI′ explicitly as
ξˇI′ =
M−
1
2
2
(
1− 1
s
vnΓn
)
ηI′, (6.56)
where η′1 and η
′
2 are the solutions of (3.4) with the constant spinor chosen as Γ
1ˆ2ˆψ′2 =
−Γ3ˆ4ˆψ′2 = iψ′2 and normalized as ηI′ηI′ = −s. M is a scalar function to normalize ξˇ
as (3.9) which we take as independent of t. This ξˇI′ satisfy the following differential
equation
L(∂t′)ξˇI′ = i(γ1 − γ2)t J ′I′ ξˇJ ′. (6.57)
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where t J
′
I′ have the same components as t
J
I . This means that one have to twist the
periodicity of the fields further with the rotation of I ′ = 1, 2:
Φ(x′, t′ + 2πβ) = e−2πβ(O˜(1,1)−i(γ1−γ2)t
J′
I′
)Φ(x′, t′) (6.58)
to preserve the supersymmetry on the squashed four-sphere.
To calculate the 1-loop determinant, we choose X as qI and Ξ as ψI′ . Then the
index (6.11) can be calculated just in the same way as in the case of the vectormultiplet:
ind(D1,0,H; q) =
∑
r∈R
eiqa0·rind(k)(D(k)1,0 ,H(k)(a0 = 0); q)
=
∑
r∈R
eiqa0·r
∑
k∈Z
e−
qk
β ind(0)(D
(0)
1,0,H(0)(a0 = 0); q). (6.59)
where H(k) is defined by the action of H on the fields satisfying the twisted periodic
boundary condition (6.58) with Kaluza-Klein momentum k
β
:
H(k) = −L(vH)− i(γ1 + γ2)t JI + (R′ J
′
I′ − i(γ1 − γ2)t J
′
I′ )−
k
β
+ G(a0) +m. (6.60)
We can show that R′ = 0 at the north and the south poles. Here we also added a
mass term in the manner as explained in Section 2. D
(k)
1,0 is defined by the similar
restriction, and it is guaranteed by the discussion in the beginning of this section that
it is transversally elliptic. We can also compute ind(0) in the same way as for the vector
multiplets. The result is
ind(0) =
∑
n1,n2≥0
(
e−i
q
ℓ (ni+
1
2)γi + ei
q
ℓ (ni+
1
2)γi
)
, (6.61)
which gives the 1-loop determinant for the hypermultiplet on the twisted S4 × S1.
The 1-loop determinant for the hypermultiplet on the squashed four-sphere, up
to irrelevant overall factors, is obtained by dropping the contributions from massive
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Kaluza-Klein modes as
Z
hyp
1-loop =
∏
r∈R
∏
n1,n2≥0
(
i
γi
ℓ
(
ni +
1
2
)
+ ia0 · r +m
)− 1
2
(
−iγi
ℓ
(
ni +
1
2
)
+ ia0 · r +m
)− 1
2
=
∏
r∈R
Υb
(
1
2
(
b+
1
b
)
+ iaˆ0 · r + iℓm√
γ1γ2
)− 1
2
. (6.62)
where R is the weights of the representation of the hypermultiplet in the gauge group.
Partition function and Wilson loop
So far we have considered vector saddle point configurations of Fµν = 0 only. Relaxing
this restriction, however, as we saw in the subsection of the vectormultiplet, we have
additional saddle point configurations, in which F− 6= 0 on the north pole and F+ 6= 0
on the south pole. They are weighted by (6.22).
The supersymmetry algebras (3.6) at the poles are identical to those of the 4dN = 2
multiplets in the Ω-background, with the parameters of the each theory appropriately
identified. Therefore we have only to quote the result Zinst(ia, ε1, ε2, q) in that case,
where a is the vev of the Higgs scalar, (ε1, ε2) are the Ω-deformation parameter and
q = e2πiτ with
τ = τ(g, θ) =
θ
2π
+
4πi
g2
(6.63)
the complexified coupling constant [23]. Here we used the notation adopted in [1] for
the parameters in Zinst. With this, the contributions in our case can be written as
|Zinst
(−a0, γ1ℓ , γ2ℓ , e2πiτ(g′YM,θ0)) |2.
Putting all together, the partition function on the squashed four-sphere is
Z =
∫
daˆ0 exp
[
−8π
2γ1γ2
g2YM
traˆ20
] ∣∣∣Zinst (−a0, γ1
ℓ
,
γ2
ℓ
, e2πiτ(g
′
YM,θ0)
)∣∣∣2
∏
α∈∆+
Υb(iaˆ0 · α)Υb(−iaˆ0 · α)×
∏
r∈R
Υb
(
1
2
(
b+
1
b
)
+ iaˆ0 · r + iℓm√
γ1γ2
)− 1
2
. (6.64)
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where g′YM is defined by (6.23).
In the similar way, one can also calculate the expectation value of any gauge invari-
ant operator which is invariant under δξ. One important example is the Wilson loop.
Since the combination
vmAm − sσ = iγ1Aα′1 + iγ2Aα′2 + At′ − sσ (6.65)
is supersymmetry invariant, one can construct Wilson loops which are both gauge
invariant and supersymmetry invariant. For the generic values of the squashing pa-
rameters ǫi, we have two kinds of the supersymmetric Wilson loops which are defined
by
Wi(θ
′) = trP exp
[
ℓ
∫
Li
dλ
(
iAα′i +
1
γi
(At′ − sσ)
)]
, (6.66)
where i = 1, 2 and the two loops L1 and L2 are
L1 = {(θ′, φ′, α′1, α′2) = (c1, 0, λ, c2)|0 ≤ λ ≤ 2π}, (6.67)
L2 =
{
(θ′, φ′, α′1, α
′
2) =
(
c1,
π
2
, c2, λ
)
|0 ≤ λ ≤ 2π
}
, (6.68)
where c1, c2 are constants. The expectation values of these Wilson loops are immedi-
ately obtained by inserting the following saddle point values
W1(θ
′) = tr exp
[
2πiaˆ0
b
]
, W2(θ
′) = tr exp[2πibaˆ0] (6.69)
into the integrand in (6.64).
Though the 1-loop determinant is calculated for general (ǫ1, ǫ2), the full result (6.64)
is valid only for the special case of ǫ1 = −ǫ2 = ǫ where we constructed the action of
the vectormultiplet. In this case, the partition function (6.64) takes the following form
Z(τ, b, µ) =
∫
da exp
[
−8π
2
g2
tra2
] ∣∣∣∣Zinst
(
ia, b,
1
b
, e2πiτ(g,θ)
)∣∣∣∣
2
∏
α∈∆+
Υb(ia · α)Υb(−ia · α)×
∏
r∈R
Υb
(
1
2
(
b+
1
b
)
+ ia · r + iµ
)− 1
2
, (6.70)
with the substitutions of g = gYM√
γ1γ2
, θ = θ0, b =
√
γ1
γ2
and µ = ℓm√
γ1γ2
. On the other hand,
the partition function in the case of the ellipsoid is also in this form, with g = gYM,
b =
√
ℓ
ℓ˜
[3].
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In this sense the partition function on the squashed four sphere coincide with that
on the ellipsoid. Moreover, b =
√
γ1
γ2
also can be complex with |b| = 1 as well as
real, unlike in the case of the ellipsoid where b is given as the square root of the ratio
between the length of the major semi-axis and that of the minor semi-axis and thus
always real. That is, by considering the squashed four-spheres we can realize more
general parameter region than in the case of the ellipsoids.
For ǫ1 6= −ǫ2, if there is a corresponding CFT, the central charge would be complex,
thus, there could not be an AGT-like relation and the partition function could be
different from the function (6.70).
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